Abstract. The problems studied in this paper are connected with the harmonicity of the canonical projection -k : TM -* M, as well as, with the haxmonicity of the vector fields £ 6 x{M) thought of as maps from M to TM. We have considered on TM a new Riemannian metric G.
Introduction
A vector field f on a Riemannian manifold (M,g) can be thought of as a map £ : M TM, where N : TM -» M is the tangent bundle of the manifold M. The conditions under which £ is an isometric immersion, a totally geodesic or harmonic map have been studied in the cases where one considers on TM the Riemannian metrics defined by Sasaki (see [6] , [17] , [10] ) and Cheeger-Gromoll (see [9] ), or the pseudo-Riemannian metrics of complete lift type (see [8] , [11] , [12] ). The conditions under which the canonical projection 7r : TM -• M is a totally geodesic or harmonic map have been also studied.
In this paper we deal with the same problems of haxmonicity of unitary vector fields thought of as maps £ : M -* TQM, f : M -> T\M, and the canonical projection 7r : TQM -> M, N : T\M -> M. We consider a new Riemannian metric G on TM. It is a singular case of a new class of Riemannian metrics by whose means new Kahler structures can be obtained on the manifold TM. This class of metrics has been introduced by Professor V. Oproiu. All the results concerning vector fields have been obtained under the assumption of £ being a Killing vector field with ||£|| = 1 which, as we shall see, is not a very restrictive hypothesis.
The tangent bundle
Let (M, g) be a smooth n-dimensional Riemannian manifold and denote its tangent bundle by 7r : TM -> M. Recall that TM has a structure of 2n-dimensional smooth manifold induced from the smooth manifold structure of M. A local chart (£/; ip) = ({/; x 1 ,..., 
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We consider a new Riemannian metric G on TM. This is a singular case of new Riemannian metrics on TM introduced by V. Oproiu, by whose means new Kahler structures can be obtained on the manifold TqM, where T0M = {u € TM : v ± 0} (see [13] , [14] , [15] , [16] ). This singular case has been also studied by V. Oproiu (see [13] ).
In the following we shall consider (M, g) a Riemannian manifold of constant positive sectional curvature c. The metric G is defined by ( The map / is harmonic if r(/) = 0 (see [3] )
Recall that, if M is a compact and orientable manifold, then / :
is harmonic if and only if / is a critical map for the energy E, where E(f) = l M e(f)v g
and e(/) = We can see that the notion of harmonicity can be extended to the case where (M,g) or (M,g) are pseudo-Riemannian manifolds, or to the case where one considers on M just a torsion free connection.
In the following we shall study the harmonicity of the canonical projection 7r. Obviously, 7r : (TQM, G) -> (M, g) is not a Riemannian submersion. By computing the second fundamental form of 7r, we obtain
ß(*)(&> ¿T) = -(rt&jy
Let T\M = {v G TM : ||v|| = 1} be the 2n -1 dimensional submanifold of TM. The local vector fields (Y», ¿) generate TT\M, where
and Cis the Liouville vector field. Recall that T\M is orientable, and compact whenever M is compact. We denote by 7r = 71'¡T X M-We remark that G(Y H C) = £(¿7, (7) b) The maps 7r and n are harmonic but they are not horizontally weakly conformai. Indeed, if 7r, or 7?, would be a horizontally weakly conformai map, then ((A(x,y) -y/2ct)gij) is 0 or n. Therefore 7r, or 7?, is not horizontally weakly conformal, so it is not a harmonic morphism.
The harmonicity of unitary vector fields
Let £ £ x(M) be a vector field on M without singularities, i.e. £(p) ^ 0, Vp € M. Such vector fields exist if M is not compact, and if M is a compact manifold they exist if and only if the Euler-Poincare characteristic of M vanishes. In the following we shall assume that ||£|| = 1. Since the sectional curvature c is constant and c ^ 0, this assumption implies V£ ^ 0.
Taking into account the relation
P(TT)(X,Y) = I3(-K)(X,Y).
But the rank of the matrix is 1, and the rank of the matrix we obtain Further, the demonstration results by a straightforward computation.
•
REMARK. The assumption that £ is a unitary Killing vector field is not very restrictive. For instance, we can construct such fields on odd-dimensional spheres by the standard procedure (see [1]). PROPOSITION 4. If M is compact, orientable, c = \ and div£ = 0, then £ is an isometric immersion if and only if £ is a Killing vector field.
Proof 
It is known that £ : (M,g) -> (T\M, G) is a totally geodesic map if and only if P(£)(X, Y) is collinear with C for all X, Y <E x(M), and £ : (M, g) -> (T\M, G) is harmonic if and only if r(£)
is collinear with C (see [3] ). Taking the above relations into account, we obtain
PROPOSITION 5. a) The map £ : (M,g) -> (TqM, G) is not totally geodesic. b) The map £ : (M,g) -• (T\M, G) is totally geodesic if and only if £ is Killing.
Also, we have 
COROLLARY, a) If M is compact, orientable and ||V£|| 2 = c(n -1), then £ : (M,g) -• (T\M,G) is harmonic if and only if £ is a Killing vector field. b) If M is compact, orientable, ||V£|| 2 < e(n -1) and G M such that ll^£ll 2 (p) < c ( n -1)> then £ : (M,g) -» (T\M,G) is not harmonic.
Proof. The demonstration results from the following integral formula, 
REMARK. If c € (0, and £ is an isometric immersion then || V£|| 2 > c(n-1).
In [10] the author proved the following result THEOREM 
If £ : (M,g) -> (TM,G) is an isometric immersion, where (M,g) is a Riemannian manifold and G is a Riemannian metric on TM such that 7r : (TM, G) -• (M, g) is a Riemannian submersion, then £ is a harmonic map.
C. Oniciuc
The hypothesis that 7r is a Riemannian submersion is necessary since for G = G, 7r is not a Riemannian submersion and there is a vector field £ which is an isometric immersion, but not a harmonic map. We must note that, in general, an isometric immersion is not a harmonic map.
Certainly we can get a version of the above Theorem 3. a) D is the Levi-Civita connection of a Riemannian metric G on TM which defines the same horizontal distribution as the horizontal distribution generated by {¿^7} and tc : (TM,G) -> (M,g) is a Riemannian submersion (for example G is the Sasaki metric or the Cheeger-Gromoll metric). We note that in this case, the hypothesis V£ = 0 is equivalent with £ : M -• TM is an isometric immersion. b) D is the mean connection of the Schouten connection associated to the Levi-Civita connection of the above metric G, or to the Levi-Civita connection of the pseudo-Riemannian metrics G\, or G2, where G\ and G2 axe given by
(see [9] , [11] ). c) D is the mean connection of the Berwald connection B on TM, where d_ 6 _ n D (see [11] ). d) The theorem is true if we replace the hypothesis M compact and orientable with the hypothesis ||£|| = 1.
Note that if ^ is not given by (1), then the Theorem 4 is not true. Indeed, let ^ be given by where (Sf (x) ) axe the components of a tensor S of type (1,1) on M.
We assume that VS = 0 and S ^ 0. and M is a compact and orientable manifold, then tt is a Riemannian submersion with T = 0, Pç = 0, and £ is harmonic map, which is equivalent with V£ = 0 does not imply £ to be isometric immersion. 
